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Abstract
We give a unied view of the relation between the SL(2) KdV, the mKdV, and the Ur-
KdV equations through the Frechet derivatives and their inverses. For this we introduce
a new procedure of obtaining the Ur-KdV equation, where we require that it has no non-
local operators. We extend this method to the SL(3) KdV equation, i.e., Boussinesq(Bsq)
equation and obtain the hamiltonian structure of Ur-Bsq equation in a simple form. In
particular, we explicitly construct the hamiltonian operator of the Ur-Bsq system which
denes the poisson structure of the system, through the Frechet derivative and its inverse.
∗E-mail address: nam@nms.kyunghee.ac.kr
Integrable models[1] in two dimensions in terms of nonlinear dierential equations have
many interesting properties. In particular, they are bi-hamiltonian systems, which means
there are at least two distinct hamiltonian structures[2]. Such a structure provides the
integrability to the system through innite number of conserved quantities in involution.
Another interesting feature of the integrable system is the existence of the zero curvature
condition, i.e., Lax equation which is a compatibility condition for the pair of auxiliary
linear equations. Lax equation is crucical in solving the integrable system by the inverse
scattering method. Recently relations between the integrable nonlinear dierential equa-
tions and two dimensional conformal eld theories drew a lot of attention. For example,
the poisson brackets of the second hamiltonian stucture of the KdV equation is the classical
version of the Virasoro algebra[3]. More generally, it was shown[4] that the second hamil-
tonian structure of the generalized equations of KdV type[5] is the classical version of the
extended conformal algebras, i.e., WN algebras[6]. Furthermore Polyakov[7] introduced a
new class of WN algebras, denoted W
(l)
N , which was further investigated by Bershadsky[8],
and it gives the poisson brackets of the second hamiltonian structure of the fractional KdV
equations[9, 10, 11]. Another relation between the extended conformal algebras WN and
the generalized KdV systems is that the classical bosonization rules for the WN algebras
are given by the Miura map which is nothing but the relation between two dierent choices
of gauge slice[12], and the free eld representations for the W
(l)
N algebras can be also ob-
tained by the same method[11].
More recently, an action was constructed that gives the KdV or mKdV equations as
equations of motion[13], and their hamiltonian structures appear as poisson bracket struc-
tures derived from this action. Since the second hamiltonian structure of the KdV equation
is given by the local poisson brackets, the corresponding symplectic form must contain a
non-local operator, and it follows that the action has to be non-local in the KdV variable.
However, one can write a local action[13] for the so called \Ur-KdV equation", which is
related to the KdV equation through the antipletic pair formalism of Wilson[14]. Such
a local action constitutes of two parts; the kinetic term gives the evolution part of KdV
equation that describes a free theory in an appropriate variable, and the potential term is
written in terms of the innite number of conserved quantities of KdV system.
In this paper, we rst rederive the KdV equation using zero curvature formulation with
1
SL(2) matrix valued Lax operators, and clarify the relation between the KdV, the mKdV,
and the Ur-KdV equations via the Frechet derivatives and their inverses. In doing so, we
rst introduce a one parameter family of Ur-KdV equation, and nd that it becomes free
of non-local pseudo-dierential operators, only for a particular value of the parameter. We
then extend this method to the SL(3) KdV equation, called the Boussinesq(Bsq) equation,
of which the second hamiltonian structure is the classical W3 algebra. As a main result,
we nd the modied Bsq(mBsq) equation and the Ur-Bsq equation which is simpler in its
form than one given in Ref.[13] and can be easily generalized for case of SL(N) for N > 3.
We also construct the hamiltonian operators of mBsq and Ur-Bsq equations through the
Frechet derivatives and their inverse. In paticular, we see that the hamiltonian structure
of Ur-Bsq equation is given by non-local poisson brackets.
The KdV equation, ut = uxxx + 6uux, is a bi-hamiltonian system and is obtained by





−u +  0

 ; V =


A(x; t) B(x; t)
C(x; t) −A(x; t)

 ; (1)
with a constant spectral parameter , and the corresponding Lax operator is L = @x −U .
The zero curvature condition [@x − U; @t − V ] = 0 would lead to the dynamical equation
and the constraint equations. Putting B =
H
u
, the dynamical equation can be expressed







where the rst hamiltonian operator, D(1)(x), and the second hamiltonian operator,D(2)[u],
are given as
D(1)[u] = @x; D(2)[u] = 1
2
@3x + 2u@x + ux : (3)
This equation expresses the feature encountered in the hamiltonian analysis of integrable
hierachies, i.e., the presence of two coordinated poisson structures expressed as the one-
parameter family of brackets; fu(x); u(y)g = fu(x); u(y)g1 +  fu(x); u(y)g2 ( is ar-
bitrary). Taking B =
H
u
= 2u, the KdV equation is given as the second hamilto-
nian equation, ut = D(2)[u]H
u
, and the corresponding poisson bracket is fu(x); u(y)g =
2
D(2)[u](x − y). This poisson structure represents the classical part of the Virasoro
algebra[3].
To obtain the standard Miura map, we perform the gauge transformation L −! −1L
for the Lax operator L with (x; t) taking values in the strictly lower triangular ma-
trices of SL(2) with the diagonal elements set equal to one. Setting the transformed
Lax operator as ~L = @x − ~U , where ~U = −1U − −1x, and choosing a gauge as
~U11 = −j; ~U22 = j; ~U12 = 1, and ~U21 = , we obtain the well-known Miura map; u = jx−j2.
For the evolution equation of the variable j, that is modied KdV equation(mKdV), we





= @x − 2j. In general, given a
































. The hamiltonian operator of mKdV equation, D[j], which denes its hamilto-
nian equation, jt = D[j]H
j
, is related to the second hamiltoian operator of KdV equation


















= −@x−2j, and it is easy to show that D[j] = −12@x satises












= 2u of the KdV equation.





in order to dene D[j]
in eq.(4). This suggests that we must take the form of transformation with respect to j as
j = ax





, where a is a constant. If we
reset  = qx, we have a transformation called the Cole-Hopf map; j = aqxxq
−1
x . Using this
transformation we can factorize the Frechet derivative and their formal adjoint, in terms












= −q−2ax @xq2ax , respectively, where we will be
3
using pseudo-dierential operator, @−1x , which satises @x@
−1
x f = @
−1
x @xf = f . Therefore
























= −q−2ax @−1x q2ax : (6)
Through this Cole-Hopf map and the Miura map, we have also a relation between the





x − (a+ 1)q2xxq−2x
}
: (7)
Using this relation, the second hamiltonian operator of KdV system can also be expressed








x . From this observation, we can
easily nd the hamiltonian operator of mKdV equation.
Now we can obtain the evolution equation of variable q, through the Frechet derivative























Taking a2 = 1
4
, we can eliminate the pseudo-dierential operator, @−1x , which is not ade-
quate in an evolution equation. Then the above equation is the Ur-KdV equation given in





choices are not independent; they are related by setting j to −j. When we take a = 1
2
,
the transformation eq.(7) is the well-known Schwartzian derivative of q to 2u. Using the
Frechet derivative of j with respect to q (or u to q) and their inverses, we can nd the




















































= −2q−1x @−1x qx@−1x qx@−1x ;
4
and we have taken a = 1
2
. The non-local poisson brackets of the Ur-KdV equation are given
by the hamiltonian operator as follows: fq(x); q(y)g=−2@−1x qx@−1x qx@−1x (x − y). Finally
we can see the exact relation between three hamiltonian operator D(2)[u];D[j] and D[q]
using the Frechet derivatives and their inverses.
As a generalization of the above procedure, we can nd the SL(3) Ur-KdV equation
by requiring that it has no non-local operators, and also nd its hamiltonian structure.












A(x; t) B(x; t) C(x; t)
D(x; t) E(x; t) F (x; t)
G(x; t) H(x; t) I(x; t)


; T r V = 0 ; (10)
with the constant parameter , and the corresponding Lax operator is L = @x −U . Using
the zero curvature condition [@x − U; @t − V ] = 0, we obtain the dynamical equations of
u1, u2 and the constraint equations[15]. These equations are expressed only in terms of
the variables of upper triangular part of V , i.e. B, C and F . Redening u = u2; v =
u2x−2u1, we recover the standard expression[9, 10]. Using one of the constraint equations,
Cx + B − F = 0, and setting ~F = F − 12Cx, ~C = −12C, we can write the hamiltonian









where the subscript t denotes the time derivative. Only non-vanishing component of the
rst hamiltonian operator, D(1)[u; v], are D(1)12 = D(1)21 = @x. The second hamiltonian




−2@3x + 2u@x + ux 3v@x + 2vx
3v@x + vx
2@5x=3− 10u@3x=3− 5ux@2x
+(8u2=3− 3uxx)@x − 2uxxx=3 + 8uux=3

 : (12)
When we take the upper triangular part of V as the dual of the upper triangular part of
U , i.e. B = F = 0, C = 1 ( ~F = 0, ~C = −1
2
), we obtain the Bsq equation, ut = −vx; vt =
1
3
uxxx − 43uux. The other elements of V are obtained in terms of u, v variables by the
constraint equation. The above hamiltonian operators dene the poisson structure of Bsq
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equation. The poisson brackets represented by the second hamiltonian operator are the
classical version of W3 algebra[4].
To look for the Miura map of the Bsq equation, that is the free eld representation of
the classical W3 algebra, we perform the gauge transformation L −! −1L for the Lax
operator L with (x; t) taking values in the strictly lower triangular matrices of SL(3)
with the diagonal elements set equal to one. Setting the transformed Lax operator as










we obtain the Miura map of u and v with respect to j1 and j2,
u= (j1 − j2)x + j21 + j1j2 + j22 ;
v=−(j1 + j2)xx − (2j1 − j2)j1x + (2j2 − j1)j2x + 2(j1 + j2)j1j2 : (14)
The modied Bsq equation(mBsq) for j1, j2 and its hamiltonian structure can be exhibited
by the Frechet derivative and their formal adjoint of the above transformation, which is,








@x + 2j1 + j2 −@x + 2j2 + j1
−@2x + (j2 − 2j1)@x − 2j1x
−j2x + 2j22 + 4j1j2
−@2x + (2j2 − j1)@x + j1x












−@x + 2j1 + j2 −@2x − (j2 − 2j1)@x − j2x + 2j22 + 4j1j2
@x + 2j2 + j1 −@2x − (2j2 − j1)@x + 2j1x + 4j1j2 + 2j21

 : (15)
The hamiltonian operator of mBsq equation, D[j1; j2], which denes its hamiltonian equa-
tion, and the second hamiltonian operator of Bsq equation, D(2)[u; v], are related by,













Now we come to our main point. As mentioned before, we need to have a transformation
by which we can obtain the inverses of the Frechet derivative and their formal adjoint,
eq.(15), in order to nd D[j1; j2]. Therefore we write the transformation which is the
generalized Cole-Hopf map as follows:









where, ; ; γ and  are abitrary constants. We see that this form of Cole-Hopf map
can be easily generalized to the SL(N), N > 3 case. Since the calculation involving
arbitrary values of ; ; γ;  is quite lengthy, we sketch the steps here. It turns out that
only particular values of ; ; γ; , are picked out. We later go through the steps more
explicitly with a particular solution of ; ; γ; . Using this map, we can factorize the











lengthy calculation, the hamiltonian operator of mBsq equation, D[j1; j2], is obtained by
eq.(16), through expression of the second hamiltonian operator of Bsq equation in terms
of  ; . Then, it is easy to obtain the mBsq equation. The hamiltonian operator of Ur-Bsq
equation(the evolution equation of variables  ; ), D[ ; ], is related by the hamiltonian
operator of mBsq equation, through the Frechet derivatives of the above transformation as
the eq.(16). It is not dicult to nd the inverse Frechet derivatives of j1; j2 with respect to










, and we can obtain the non-local hamiltonian
operator of Ur-Bsq equation. Finally, we can nd the Ur-Bsq equation through the mBsq
equation as follows:












x + e xxxx
−1
x ) ;
t = fxx + @
−1










x + lxx xx 
−1
x ) ; (18)
where,
a=(2+ γ) + (+ 2γ); b = 2(2 +  + 2);
c=(22 − 2 + 2γ − γ − γ2) + (2 − − 2γ − 2γ − 2γ2);
d=(22 − 2 + 2 −  − 2) + (2 −  − 2 − 2 − 22);
e=2(2 − 2γ + 22 − 2γ2 − 2 + 2γ);
f =−(2 + )− γ( + 2); g = −2(2 + γ + γ2); (19)
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h=(−22 + 2 − 2 +  + 2)− γ(2 −  − 2 − 2 − 22);
k=(−22 + 2− 2γ + γ + γ2)− γ(2 − − 2γ − 2γ − 2γ2);
l=2(−2γ + 2γ − 22 + 2γ2 − 2 + γ2):
These evolution equations include the pseudo-dierential operator, @−1x , which is not phys-
ically adequate in evolution equation. This can be avoided if we require following condi-
tions for b = −d = e; c = 0 and g = −k = l; h = 0. There are six nontrivial solution

















































). In fact, these
six sets do not give independent Cole-Hopf map of eq.(17), but they are related to each
other through the adequate linear combination of j1; j2. The Ur-Bsq equations and its
hamiltonian operators given by six solutions are dierent from only constant factors re-









derive the above-sketched steps. Firstly, using the transformation eq.(17) the elements of








































































































x − x@−1x x@−1x −1x  −1x


















































x @−1x  x@
−1
x x
−−1x  −1x @−1x x@−1x  x −−1x  −1x @−1x  x@−1x x

 :(21)
Using the above operators and expressing the second hamiltonian operator of Bsq equation
in terms of  ;  through the transformation, eq.(17), we can nd the hamiltonian operator
8
of mBsq equation through eq.(16), as follows:







 @x : (22)






















(j1x + 2j2x + j
2
1 − 2j22 − 2j1j2)x







= ~F = 0,
H
v
= ~C = −1
2
in the case of the Bsq equation. The





(j1 + j2); J2 =
1
2
(j1 − j2), we obtain the poisson brackets in terms of two
bosons J1, J2 that express the free eld realization of W3 algebra.
We now nd the Ur-Bsq equation. Through the Frechet derivative and its formal
adjoint of the transformation eq.(17), the hamiltonian operator of Ur-Bsq equation which
denes its hamiltonian system and the poisson structure is related with the hamiltonian
operator of mBsq equation as eq.(16). The inverse of Frechet derivative and its formal









−2@−1x  x@−1x −@−1x  x@−1x










−2@−1x  x@−1x −@−1x x@−1x
−@−1x  x@−1x 2@−1x x@−1x

 : (24)
Using these dierential operators and the hamiltonian operator of mBsq equation, the
hamiltonian operator of Ur-Bsq equation is


















This hamiltonian operator denes the poisson structure of Ur-Bsq equation;
f (x);  (y)g= 2@−1x  x@−1x  x@−1x (x− y); f (x); (y)g = @−1x  x@−1x x@−1x (x− y) ;
f(x); (y)g= 2@−1x x@−1x x@−1x (x− y) ; (26)
where we note that  and  separately satisfy subalgebras, each of which is that of the
Ur-KdV equation. We can see clearly that the symplectic form associated with the cor-
responding hamiltonian structure of the Ur-Bsq equation which is given by an inverse of
the poisson structure is local. the Ur-Bsq equation is easily obtained, through the inverse
















There are a relation between these equations and the Ur-Bsq equation given in Ref.[13].
That is, redening of ~ = , ~x = x , we can recover the Ur-Bsq equation given in
Ref.[13] of ~ , ~. Using an obvious form of Cole-Hopf map for SL(N), N > 3 cases, we
expect to get quite a simple form for Ur equations for these cases. Of course details has
to be worked out yet.
The work presented here claries the relation for SL(3) Ur-KdV equation corresponding
to SL(3) KdV equation. While the poisson structure of the usual KdV equation dened
by its hamiltonian operator contains highly local dierential operators, that of the Ur-
KdV equation is non-local operators. Because the symplectic form is associated with the
inverse of poisson brackets in a classical mechanical system, the symplectic form of KdV
system is non-local and that of Ur-KdV system local. Therefore, from the hamiltonian
viewpoint, one say that the one flow takes place on a poisson manifold, the other on a
symplectic manifold, and then the hamiltonian operators of two system (in the case of
SL(2), (u,D(2)[u]), (q;D[q])) is called the antiplectic pair by Wilson[14]. It was noted[13]
that the above observation gives a clue to look for a local action of KdV system. In
this paper, we found the Ur-KdV systems in the point of view what we must have a
transformation by which can be obtained the inverse Frechet derivatives of the Miura
map. In addition, this view point claries the relation between the hamiltonian operators
of KdV, mKdV and Ur-KdV equation.
This work was supported in part by Ministry of Education, and by Korea Science and
Engineering Foundation through SNU/CTP.
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